In previous papers a phase field model for +-transition in 4 He was proposed, which is able to describe the influence of the heat flux on the temperature transition. The model presented here generalizes previous results taking into account of a homogeneous presence of quantized vortices below the +-transition. As parameter that controls the transition, a dimensionless field f linked to the modulus of the condensate wave function is used. In addition to the field f , the resulting model chooses the following field variables: density, velocity, temperature and heat flux. Nonlocal terms to describe inhomogeneities in the field variables and dissipative effects of mechanical and thermal origin are also taken into account. Under the hypothesis that the liquid is at rest, the second sound propagation near the superfluid transition is studied. It is seen that the order parameter modifies the speed and the attenuation of the second sound, as well as the presence of a small tangle of vortices. This shows that the influence of the order parameter is not restricted to the description of the lambda transition, but its presence influences also other features, as the second sound speed and attenuation. In addition to the second sound a new mode is present, corresponding to a perturbation in the order parameter f , which is attenuated within a short number of wavelengths.
Introduction
Among the cryogenic fluids, liquid 4 He exhibits several exceptional features. The boiling point of 4 He is at 4.2 K. Immediately below its boiling point, 4 He behaves as an ordinary liquid, with small viscosity. However, when it is cooled below the lambda transition temperature T + , its behavior changes dramatically. In liquid 4 He there are two liquid phases, which are called liquid helium I (He I) and liquid helium II (He II) respectively. The transition temperature between them at vapor pressure is T + = 2.172 K. He I is a normal liquid and He II has exceptional physical features. Most notable are the transport properties, with a vanishingly small viscosity and a thermal conductivity many order larger than that of liquid He I. These characteristics are a consequence of the quantum coherent behavior of this liquid [1] [2] [3] [4] .
The superfluid transition of liquid 4 He has been extensively studied, both from a theoretical and from an experimental point of view [5] . It is a second-order phase transitions, with a continuous change in the free energy and a broken symmetry [6] . Second-order phase transitions can be regarded as going from an ordered to a disordered state [6] . In such cases one must introduce one or more extra variables (the order parameters) to describe the state of the system.
In 4 He transition temperature depends on the imposed external pressure and heat flux. The influence of pressure on the temperature transition is a well-known topic. The superfluid transition in the presence of a heat current has received renewed attention in the last decade both experimentally [7] [8] [9] and theoretically [10, 11] . In fact, the presence of a heat flow involves a change in transition temperature [9, 12] . Indeed, superfluidity can be destroyed with the increase of the heat flow, creating a high density of quantized vortices. A small amount of vortices is also formed at the superfluid +-transition.
In this paper some results on the transition of superfluidity of 4 He obtained in Refs. [13] [14] [15] are generalized, in order to take into account the presence of quantized vortices below the +-line. The obtained model is able to intercept the temperature, pressure and heat flux dependence of this transition. In the model a phase field linked to the modulus of the macroscopic coherent wave function of the condensate is assumed as order parameter, in accord with the results of Refs. [13] [14] [15] . Under the hypothesis that the liquid is at rest, the propagation of waves below (and near) the superfluid transition is studied, and the influence of the order parameter f on the second sound propagation is analyzed. It is seen that the order parameter modifies the speed and the attenuation of the second sound, as well as the presence of a small tangle of vortices. In addition to the second sound a new mode is present, corresponding to a perturbation in the order parameter, which is attenuated in a short number of wavelengths.
Outline of the one-fluid model of liquid He II
Superfluid behavior may be described from two different models: two-fluid model, where the fluid is assumed to be a mixture of a normal and a superfluid component (each with its own density and velocity) [1, 16] ; and one-fluid model [17] [18] [19] , with the heat flux as a vectorial internal variable.
In a classical fluid the heat flux q is given by the classical Fourier law; instead, in He II the extremely high thermal conductivity indicates that the heat flux do not follow the Fourier law, but must be considered as an independent variable, with its own evolution equation [20] . This can be obtained in the framework of Extended Thermodynamics, a non-equilibrium thermodynamic theory, formulated in the 1970s, that uses dissipative fluxes, besides the traditional variables, as independent fields [21] [22] [23] . From a macroscopic point of view, an extended approach to thermodynamics is required in He II because the relaxation time of heat flux is comparable with the evolution times of the other variables, so that it must be treated as an independent field of the thermodynamic process.
In the one-fluid model, derived from Extended Thermodynamics, the relative motion between normal and superfluid components is described by an internal variable that macroscopically can be put in relation with the heat flux. In particular it was shown that one can describe the macroscopic behavior of superfluid helium, sufficiently far from the +-point, adding to the balance equations of mass, momentum and energy, an equation for the heat flux q that can be derived from the classical Maxwell-Cattaneo equation [24, 25] :
where 4 0 is the relaxation time of the heat flux and + 1 the heat conductivity. Note that the simple eq. (1) does not takes into account of non-local effects. An evolution equation for the heat flux was obtained in low-temperature crystals and in phonon hydrodynamics, where non-local effects were introduced expressing the bulk and shear stress in terms of spatial derivatives of the heat flux [21, 26, 27] . In particular, near equilibrium, the following evolution equation for the heat flux was obtained
In this equation + 0 and + 2 are the phonon bulk and shear viscosity, while " and " ′ are coefficients appearing in the general expression of the entropy flux in Extended Thermodynamics [21] and take into account of the dissipation of thermal origin. U is the unit matrix and angular brackets denote the deviatoric part of a tensor
This equation is also obtained [28, 29] by considering the flux of the heat flux as an extra variable and expressing it in terms of spatial derivatives of the heat flux. Terms of this kind are also obtained by Guyer and Krumhansl [30, 31] in the Callaway approximation of a linearized Boltzmann equation.
The one-fluid model of liquid He II selects as fundamental fields the density 1 = 1(x, t), the velocity v = v(x, t), the absolute temperature T = T(x, t) and an internal vectorial variable (that describes the motion of the quasiparticles with respect to the ground state) that in a linear theory can be identified with the heat flux q = q(x, t). More general models assume this internal variable proportional but not identical with the heat flux [32, 33] .
The evolution equations for these fields, sufficiently below the lambda point, in the absence of external forces and in an inertial frame, are [17, 19] 
where : is the internal specific energy and p the pressure; the colon denotes double scalar product, i.e. q are non-equilibrium stress tensors, given by [17] :
Here + 0 and + 2 are bulk and shear viscosity of He II, U is the unit matrix, angular brackets denote the deviatoric part of the tensors ∇v and ∇q; coefficients " and " ′ are negative coefficients and take into account of the dissipation of thermal origin. In Refs. [19, 34] one sees that a good choice for them is
where S = 1s is the entropy density of helium II. The source term in the latter equation of system (3) is zero in the absence of vortices. When vortex lines are present, a damping force is produced, which has origin in the collision of the quasiparticles (phonons and rotons) with the vortex lines [35] [36] [37] . In this case, the vortex array is described by introducing the average vortex line per unit volume L ("line density" in short), and the source term depends on it. In counterflow superfluid turbulence, assuming isotropy of the vortex tangle and in the Gorter-Mellink regime, it can be written as
with K = Assuming that the vortex tangle is homogeneous and isotropic, one can assume [35] :
with L * the low density of remnant vortices always present in liquid helium II and formed at the +-transition [39] , while the second term depends on the imposed heat flux. When the turbulence is totally developed, the small amount of vortices formed at the +-transition can be neglected and one obtains the Gorter-Mellink law L ∝ q 2 [40] . In the following, this model will be modified to describe the +-transition in the presence of a heat flux and of an amount of vortex lines.
The phase-field model for the superfluid transition
As the normal liquid He I is cooled, a line of +-points appears at about 2.178 K; indeed, the temperature at which this line occurs, in the absence of heat current, depends on the pressure. But, when an external heat flux is imposed, the temperature at which the transition occurs is lower than that in the absence of it.
The appearance of the critical points (a surface in the space of the variables p, T, q 2 ) is indicative of a continuous symmetry-breaking phase transition that occurs. This situation is characteristic of a second-order phase transition and can be macroscopically described introducing an order parameter [6] , as made in Refs. [41, 42] .
Recently in Refs. [13] [14] [15] , a phase-field model of 4 He was buildup, which is able to describe the +-transition, in non-stationary and inhomogeneous situations under pressure and in the presence of heat flux. The model chooses the fundamental fields: density, velocity, temperature, heat flux and a phase field functions, whose physical meaning is the order parameter that controls the transition. Here we will modify these results to take into account a homogeneous presence of vortex lines below the +-transition.
A GL-type evolution equation for the superfluid transition
A mathematical physical theory formulated to describe all transformations which involve a broken symmetry and a continuous change in the free energy is the Ginzburg-Landau (GL) general theory of second-order phase transitions [6] . This theory was applied to liquid 4 He near the +-point by Ginzburg and Pitaevskii [43] .
We recall briefly here their results. As in the GL model of transition of superconductivity [5] , Ginzburg and Pitaevskii used the macroscopic wave function of the condensate 8(x, t) as order parameter that controls the transition. The normalization of 8 is chosen in such a way that the superfluid density can be expressed as
so that the dimensions of 8 are length -3/2 . Ginzburg and Pitaevskii consider the fluid at rest in an inertial frame and assume that the free-energy density G can be expanded in powers of |8| 2 and |∇8| 2 , as:
where G 1 is the free-energy density of He I and! and" coefficients which may depend on the temperature. To find the stable state at a given temperature and pressure, the total free energy must be minimized with respect to the wave function. The corresponding Euler-Lagrange equation is
Putting 8 =f exp(i6), this equation gets:!f
Following GL theory, Ginzburg and Pitaevskii assumed that the coefficients! and" in the free-energy expansion can themselves be expanded in powers of (T -T + ), choosing! =Ã(T -T + ) and" = constant; thus eq. (12) yields:Ã
However, this equation does not consider the influence of the heat flux on the +-transition. Our aim, in this subsection, is to generalize eq. (14) to non-steady states and in the presence of an imposed heat flux and of a small amount of vortex lines.
Note that the solution of eq. (12) is independent of the value of the phase 6 of the wave function 8, consequently this equation can also be obtained simply minimizing the free energy with respect to the modulus of the wave functionf = |8|.
In our model, we do not consider as field variables the phase 6 of the wave function. Indeed, from a microscopic point of view, the vortex lines are zeros of the functionf . As said in the previous section, the presence of vortex lines here is taken into account by using the macroscopic variable L, for which a constitutive equation is written. For this reason, the phase 6 of the wave function will not be considered as a fundamental variable. More general models that assume as independent fields quantities linked at a microscopic level with the phase 6 of the wave function will be considered in the future.
The model presented in this paper assumes as field variable the dimensionless phase-field f , which is linked to the condensate wave function eq. (9) by the relation:
With this choice the GL eq. (12) becomes [13] :
where ! = (1/m 4 )!, " = (1/m 4 ) 2" , and . = (1/m 4 )(h 2 /m 4 ) and where inhomogeneities in the density 1 have been neglected. Note that coefficient . is linked to the quantum of vorticity *. Indeed, it results
( 1 7 ) To describe the superfluid transition under constant pressure p 0 and in the presence of heat flux, taking into account also inhomogeneities in T, we will choose for the free-energy density the following expression
In eq. (18) G 1 = G 1 (p 0 , T) is the free-energy density of He I, coefficientsã andb, which have the dimension of energy, are general functions of the variables T and q
Comparing eq. (18) with eq. (12) we deduce that at SVP it resultsã(T, 0) =!,b(T, 0) =". Coefficients ! h in eq. (18) are supposed constant quantities. Following the GL theory [6] , we will minimize the total free energy
with respect to the order parameter f . We obtain the corresponding Euler-Lagrange equation:
where ∇ j f is the component of the gradient in the direction j. When eq. (18) is substituted into eq. (20), one obtains for f the following equation
where
In non-stationary situations we will assume that the phase field f must satisfy the following evolution equation:
In fact, we shall assume here that the time derivative of f is proportional to the functional derivative of the free energy; γ is a coefficient, whose dimensions are J -1 s -1 that control the time evolution of the order parameter f . Now we will determine some constrains for coefficientsã andb. The first observation is that the stationary solutions of eq. (22) , neglecting spatial inhomogeneities of the field variables, are:
The first of them describes the normal phase, and therefore this solution must be stable for T greater than a critical temperature T c(p 0 ) , instead, the second stationary solution describes the superfluid phase, and must be stable below the critical temperature. Following GL theory [6] , we will suppose thatã depends on q 2 and on the critical temperature T c(p 0 ) , whileb is independent by the temperature, then we assumẽ
At vapor pressure (p 0 = 0) and in absence of heat flux (q = 0) it is T c(0) = T + , A 0 (T -T + ) = ! and B 0 = " (! and " are the coefficients introduced in eq. (16)). Experiments to measure the depression of the superfluid transition temperature along the +-line due to a heat current were performed in Ref. [7] , for pressure from SVP to P = 21.6 bar. One sees that the critical temperature T c depends on the imposed pressure p 0 , the heat current q and on the vortex line density L. So we would have T c(p 0 ) = T c(p 0 ) (q 2 , L). In this model, line density L is not a field variable, and for it a constitutive equation must be written. Taking in mind eq. (8), we will choose for L the simple expression:
In this way in the normal phase L = 0, near the +-transition L ≃ L * and in the superfluid phase when the turbulence is well developed and we can neglect the small quantity L * , L = γ 1 (T, f 2 )q 2 that generalizes the Gorter-Mellink law. Therefore, we can assume
In the space of the thermodynamic variables (p, T, q 2 ) we have a surface of +-points of equation T = T c (p, q 2 ). At constant pressure p 0 , a line of critical point is found in Ref. [7] , which we will call + (q) -line. Near the +-transition it can be approximated by:
with T p 0 the temperature transition when q = 0. Experimental data of Ref. [7] allow us to determine the slope of this line and show that coefficient b is a positive coefficient. In fact the presence of the heat flux can create vortices, so destroying superfluidity.
Recalling the microscopic meaning of the order parameter, f 2 =1 s /1, we can determine the link between coefficients A p 0 and B p 0 . In fact, assuming eq. (24) forã andb, if we neglect spatial inhomogeneities of the field variables, the non-zero stationary solution of eq. (22) is
Since 1 s /1 → 1, when T → 0, then f must be equal to 1 when T → 0. So we infer that
In the following, for the sake of simplicity notation the subscript p 0 in T c , A and B will be neglected. We obtain:
Consider finally this equation in the limiting cases f → 0 and f → 1. In the normal phase, when f = 0, it must reduce to an identity. Therefore, having assuming constant the coefficients ! h , we must put! 2 = 0, in the considered approximation. In the limiting case f → 1, eq. (30) reduces to an identity only for T = 0. Note that the dimension of γ AT c are the inverse of a time. So, we can introduce a relaxation time 4 f for the order parameter f , as:
Thus, we obtain the following GL-type equation for the order parameter f :
Note that the source term in this equation depends on the heat flux and vortex line density, through the free-energy coefficient A and the critical temperature T c . In particular, we have
Therefore it is
from which
Heat flux, motion and temperature equations
The hydrodynamical model of liquid helium able to describe both liquid He I and liquid He II will be determined adding to the evolution equation for the order parameter f , written in previous subsection, the equations of density, momentum and energy from system (3), and a new equation for the heat flux. In them it remains to choose constitutive equations for the non-local parts of the fluxes F v and F q , and for the source term 3 q in the heat flux equation. First, we will see how to modify the heat flux equation in system (3) to describe the +-transition from liquid He I to liquid He II. We start considering for q the general evolution equation:
where we have put
in such a way that it results & = & * when f = 1, i.e. sufficiently below the +-transition.
As we have said, below +-transition a small tangle of vortices is formed. To take into account of the presence of these vortices, we will assume here that the production term 3 q in eq. (36) depends on the order parameter f and on the average vortex length per unit volume L, in the following way:
with L expressed by eq. (25) and 4 q (f , L) a scalar coefficient of the dimension of time, that can be interpreted as relaxation time. For it, we will choose the following generalization of that proposed in [13] : From eq. (36) we get the following evolution equation for the heat flux:
When f = 1, from eq. (40), we get
( 4 2 ) that coincides with the evolution equation for the heat flux for superfluid helium reported in Section 2. When f = 0, i.e. in the normal phase, from eq. (41) one gets the Fourier law q = -+ 1 ∇T. Finally, for the non-equilibrium part of the fluxes we choose, as made in [15] , the following expressions:
)
The constitutive eq. (43) reduces to that of a classical normal fluid in liquid He I (when f = 0), the constitutive eq. (44) become identical with those obtained in Section 2 when f = 1. The thermodynamic compatibility of constitutive eqs. (43)- (44) with the other evolution equations has been verified in Ref. [15] , where the Liu method of Lagrange multipliers has been employed. The terms in eqs. (43) and (44) characterize the mechanical and thermal dissipation present in liquid helium II in the absence of vortices and are responsible for the small attenuation of first and second sound. In the presence of a vortex tangle the attenuation of second sound due to the presence of these terms is very mild, as compared with the attenuation due to the scattering of the quasi-particles and the vortex tangle [19, 44] . For this reason, in the following section, in the study of second sound propagation, these terms will be neglected.
The equation for the temperature T is obtained from the energy balance eq. (3 c ) substituting in it the constitutive eq. (43) for the stress, assuming that : = :(p, T, f , q 2 ). One gets the following equation:
where c p is the constant-pressure specific heat of helium; at vapor pressure, near the +-point it can be approximated by c p = c 0 |T -T + | -! , with ! = 0.0127 ± 0.0003 [45] . A tentative expression for c p under pressure and in the presence of heat flux could be
Field equations
Neglecting body forces, and the small dissipation due to terms F v and F q , the following system of field equations is obtained:
Consider now system (46) in the limiting cases f → 0 and f → 1. As we have already said, the first four equations become respectively the equation of a normal fluid with the heat flux given by the Fourier law, and the system of equation of superfluid 4 He deduced by E.T. The last equation in the normal phase, when f = 0, reduces to an identity. In the limiting case f → 1, eq. (30) reduces to an identity only for T = 0. An interesting consequence of this latter result is that the presence of the order parameter modifies the behavior of superfluid helium also far from the +-transition.
Wave propagation below the lambda transition
In this subsection, we will study the second sound propagation below the + transition with the aim to determine the influence of the order parameter f on the propagation of second sound. Experiments on the propagation of second sound near and below the +-transition are reported in Refs. [46] [47] [48] [49] .
We consider the simplified case in which the liquid is at rest (v = 0) and at constant pressure p = p 0 . In this case to study wave propagation below +-transition, it is sufficient to consider only the equations for temperature T, the heat flux q and the phase field f . In fact the thermal expansion ∂1/∂T of liquid helium II is very small (especially for low values of the pressure) [50] and can be therefore neglected. Under this hypothesis the first two equations of system (46) remain always satisfied.
Furthermore, we obtain:
where we have put -= γ! 3 . (Note that the dimension of -are those of a kinematic viscosity).
Observe that this system is reminiscent of a system that describes the phase transition in rigid bodies with a Cattaneo's type heat-conduction equation. Indeed, as we have said, in counterflow situations, one can neglect the small variations of velocity field v near v = 0. But the identification with a rigid body is only apparent: in fact below the + transition a small amount of quantized vortex lines appears, with line density given by L * (see eq. (25)). This amount of lines is considered in the source terms in the heat flux equation and in the order parameter equation, through coefficient 4 q and 4 f . In this paper the presence of vortices is modeled simply through the line density L, which in turn depends on the heat flux. In a forthcoming paper [51] a more general model, where the line density L acquires field properties will be considered.
As we can easily see, a stationary solution of system (47) is:
with f 2 0 = 1 -
. To study the wave propagation in a neighborhood of this solution, we substitute the production term 3 f in the order parameter equation with the approximate expression
Neglecting non-linear terms in T -T 0 , f -f 0 , q and in the derivatives of the field variables, one obtains the following system of linearized equation:
and eq. (35) for ∂E/∂f has been used.
In order to study the propagation of plane harmonic waves of small amplitude, we look for solutions of system (49) of the form
where k = k r + ik s is the wave-number, 9 = 9 r + i9 s the frequency and n the unit vector orthogonal to the wave front. Inserting eq. (50) in the linearized field eq. (49) and puttingq n =q ⋅ n, and projecting the second equation on n, we obtain the following algebraic set of equations for the amplitudes:
This system possesses nontrivial solutions if and only if its determinant vanishes. Imposing this condition one obtains
To study the solutions of eq. (52) we will use a perturbation method. First we will determine the solutions of this system in the limit hypotheses
that is in the absence of dissipative phenomena; then, the usual procedure of the perturbation theory will be followed. Dispersion relation (52) , in the limiting hypotheses eq. (53), becomes:
which corresponds to the unperturbed solutions 9 , we deduce that
The propagation modes shown in Table 1 correspond to these solutions. In the real situation, second sound and null waves propagate coupled. The influence of the order parameter f on the propagation of these waves will be determined. 
Consider first the null wave. This solution is perturbed assuming that the dissipative coefficients 1/4 q , -and γ A 0 are small quantities. Therefore, we put:
where ' is a dimensionless coefficient. After substitution in the dispersion relation, to first order in ', one obtains the solution
This equation yields:
For 9 real (time harmonic dependence), the null mode corresponds to perturbations of the order parameter f which are attenuated within a small number of wavelengths. From eq. (61) we also see that, owing to the very small value of -, this solution corresponds to a wave with a very strong attenuation. This means that, if a perturbation of order parameter f is imposed on a surface, this perturbation is evanescent within a very small distance. We consider now the second sound wave. In this case we choose 9 real and k complex, and we make the small losses approximation (k s ≪ k r ). Under these hypotheses, imposing the vanishing of the real and the imaginary part of eq. (52) 2 , corresponding to the second sound, is perturbed assuming that 9 2 = V 2 k r + 9 (1) 2 ' + 9
2 ' + k
2 '
T, the heat flux q and a phase field f , that is the parameter that controls the transition. The model reduces to the one-fluid model of liquid helium II deduced from E.T, when f goes to 1, while it describes the behavior of liquid helium I, when f = 0. We have introduced two relaxation times 4 q and 4 f for the nonconserved fields q and f . Coefficient 4 q (defined in eq. (39)) is 0 when f = 0, i.e. in the normal state, while it depends on vortex line density L in the superfluid phase. The relaxation time of the order parameter f is defined as 1/4 f = γ AT c , where T c is the critical temperature, A characterizes the non-dissipative part of the free energy, while coefficient γ , whose dimensions are J -1 s -1 , links the time derivative of the field f to the functional derivative of the free energy (see eq. (22)). Under the hypothesis that the liquid is at rest and of a homogeneous distribution of vortices (L 0 ), the propagation of second sound below the superfluid transition is studied. The modifications to the velocity and the attenuation of second sound due to the order parameter are determined (eqs. (65) and (66)). The asymptotic behavior of the ratio + 1 /4 0 between the thermal conductivity and the relaxation time of the heat flux, in the superfluid phase, in the limiting case of absence of vortices, is analyzed when T goes to T c (see eq. (56)). In addition to the second sound a new mode is found, corresponding to a perturbation in the order parameter f which is attenuated in a small number of wavelengths. Second sound and this new mode are coupled, i.e. in the first also vibrations of the order parameter are present, while in the second there are also perturbations in the temperature and heat flux.
In Section 4 we have assumed a homogeneous distribution of vortices. This has allowed us to describe them in terms of a single scalar quantity: the line density L 0 . But experiments and computations show that the vortices are formed near a wall and diffuse toward the bulk of the fluid [52, 53] . In the following paper this study will be generalized, to describe also vortex diffusion below the +-transition temperature and the destroying of superfluidity when the applied heat flux q is higher than a critical value q c .
